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ABSTRACT
Growing evidence in recent years suggests a systematic variation of the stellar initial mass function (IMF), being top-heavy for
starburst galaxies and possibly bottom-heavy for massive ellipticals. Galaxy chemical evolution simulations adopting an invariant
canonical IMF face difficulty in simultaneously reproducing the metallicity and α-enhancement of the massive elliptical galaxies.
Applying a variable IMF that changes with time is a promising solution, however, it is non-trivial to couple a variable IMF theory
with the existing galaxy evolution codes. Here we present the first open source simulation code which recalculates the galaxy-wide
IMF at each time step according to the Integrated-Galactic-IMF (IGIMF) theory where the galaxy-wide IMF depends on the galactic
star formation rate and metallicity. The resulting galaxy-wide IMF and metal abundance evolve with time. With this pilot work, we
explore the effect of the IGIMF theory on galaxy chemical evolution in comparison with an invariant IMF.
1. Introduction
The evolution of galaxies sensitively depends on the stellar ini-
tial mass funtion (IMF). The understanding of the IMF has been
changing rapidly in the past decade. Despite a direct conflict
(Kroupa et al. 2013) with the theoretical expectation that the IMF
should vary as the star-forming environment alters (e.g., ambient
gas temperature, metallicity, density, and pressure dependence
as argued by Adams & Fatuzzo 1996; Larson 1998; Elmegreen
2004; Dib et al. 2007; Papadopoulos 2010) the observed IMFs
of star clusters in the local Universe are consistent with no varia-
tion (Kroupa 2001, 2002; Bastian et al. 2010; Offner et al. 2014;
Hopkins 2018). Thus the universal and invariant canonical IMF
assumption was widely applied. The more recent observations,
that are able to probe physical regimes further from the Solar
and Galactic neighborhood, have been consistently suggesting a
variation of the galaxy-wide IMF (gwIMF1). For the distribution
of low-mass stars, a bottom-heavy IMF (excess in the number of
low-mass stars) in the inner regions of massive metal-rich ellip-
tical galaxies is indicated by the galaxy mass-to-light ratio (Li
et al. 2017), spectral analysis of stellar-mass sensitive features
(Vazdekis et al. 1997, 2003; Cenarro et al. 2003; van Dokkum &
Conroy 2010; Conroy & van Dokkum 2012; Ferreras et al. 2013;
Martín-Navarro et al. 2015; La Barbera et al. 2017; Parikh et al.
2018) and lensing studies (Auger et al. 2010; Oldham & Auger
2018)2. For the distribution of massive stars, independent evi-
? Emails: yan@astro.uni-bonn.de; tereza.jerabkova@eso.org;
pkroupa@uni-bonn.de
1 See Table 1 for a list of abbreviations applied in our galaxy chemical
evolution model. Following Jerˇábková et al. (2018) we distinguish the
IMF (as resulting in a star-forming event over about a Myr in a molec-
ular cloud core) from the galaxy-wide IMF, gwIMF.
2 The bottom-heaviness of the TIgwIMF (Table 1) in the central re-
gion of massive elliptical galaxies is still under debate. See also the
evidence against the bottom-heavy TIgwIMF from the latest spectral
dence strongly indicates a systematically varying IMF (galaxy
photometry: Hoversten & Glazebrook 2008; Meurer et al. 2009;
Lee et al. 2009; Gunawardhana et al. 2011, metal abundance of
galaxy clusters: Renzini & Andreon 2014; Urban et al. 2017,
isotope abundance: Romano et al. 2017; Zhang et al. 2018;), be-
ing top-heavy (more massive stars than predicted when assum-
ing the canonical IMF) when the SFR is high and/or when the
metallicity is low as summarized by Kroupa et al. (2013); Yan
et al. (2017); Jerˇábková et al. (2018). Note that the IMF can
be bottom-heavy and top-heavy at the same time (see Jerˇábková
et al. 2018).
If the IMF is universal and invariant, the observed α-
enhancement of massive ellipticals indicate that they should have
a short star formation timescale (e.g., Matteucci 1994; Thomas
et al. 2005; de La Rosa et al. 2011). However, in the case of the
most massive ellipticals, the required timescale for reproducing
the α-enhancement is too short such that the galaxy does not
have enough time to recycle the metal-rich gas and enrich its stel-
lar population (De Lucia et al. 2017; Okamoto et al. 2017). The
difficulty in simultaneously reproducing the total metallicity and
α-enhancement of massive elliptical galaxies indicates the ne-
cessity of introducing at least one new degree of freedom, e.g.,
a varying and top-heavy gwIMF (Arrigoni et al. 2010; Martín-
Navarro et al. 2018).
The IMF measurements in the local universe that are consis-
tent with no variation and the apparent necessity of a variable
extragalactic IMFs suggest that the IMF may vary in a compli-
cated manner (Guszejnov et al. 2019). Motivated by the notion
that stars form as groups in molecular cloud cores, i.e., in em-
energy distribution fitting study (Alton et al. 2018) and strong lensing
studies (Smith & Lucey 2013; Collier et al. 2018; Smith et al. 2018)
suggesting that the current spectral analysis procedure may have unac-
counted systematic uncertainties or the spectral features have a different
origin.
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Table 1. The abbreviations applied in this paper.
Abbreviation Stands for Note
IMF stellar Initial Mass Function in embedded star clusters (star formation events in a molecular cloud)
ECMF Embedded Cluster Mass Function the initial mass distribution of the mass in stars of star clusters
gwIMF Galaxy-Wide IMF for a stellar population formed within a (10 Myr) star formation epoch
TIgwIMF Time-Integrated gwIMF the gwIMF integrated over the SFH of the galaxy
SFR Star Formation Rate for an entire galaxy (in the unit of M/yr)a
SFH Star Formation History a function of the SFR over time
ts f Star Formation Timescale characteristic timescale of the primary starburst
fst Star Transformation Fraction the mass of all stars ever formed divided by the initial gas massb
Notes. (a) Note that although the SFR densities differ spatially within a galaxy, the IGIMF theory has been empirically tested by the galaxy-wide-
SFR–gwIMF relation as is demonstrated in Yan et al. (2017). Thus in our gwIMF calculation module (see Fig. 1), the galaxy-wide SFR is one
of the input parameter. (b) Different from the efficiency of star formation that links the instantaneous SFR to gas-mass (e.g., the parameter ν in
Matteucci 1994; Vazdekis et al. 1996; see also Section 5.1), fst is an input parameter in our code with which the initial gas mass is determined
given a SFH.
bedded clusters such that the gwIMF is the sum of all individ-
ual IMFs of all embedded clusters, the integrated galaxy-wide
IMF (IGIMF) theory has been developed gradually by Kroupa
& Weidner (2003); Weidner et al. (2004); Weidner & Kroupa
(2005); Weidner et al. (2011); Kroupa et al. (2013); Weidner
et al. (2013c) and Jerˇábková et al. (2018). The IGIMF the-
ory suggests that the shape of the gwIMF should depend on
the galactic properties at the time of the star formation and is
able to explain/predict3 the apparent gwIMF variation based on
the molecular-cloud-core density and metallicity dependent IMF
as empirically deduced by Dabringhausen et al. (2009, 2012);
Marks et al. (2012) from an analysis of observed open and glob-
ular cluster and ultra-compact dwarf galaxies. Note that we dis-
tinguish in this paper between the modern and the earlier IGIMF
formulation according to whether it includes the metallicity and
density dependent star cluster IMF variation suggested by Marks
et al. (2012) or not. A milestone is the self-consistency of the
IGIMF theory considering the independent observational con-
straints for both the star-cluster-IMF variation and the gwIMF
variation, as demonstrated in Weidner et al. (2013c); Yan et al.
(2017); Jerˇábková et al. (2018).
When the gwIMF varies for different galaxies and at differ-
ent times, galactic chemical evolution and the time-integrated
gwIMF (TIgwIMF, see Table 1) will differ from the canonical
estimate. Since interpretations of galaxy observations (baryonic
mass, metal abundance, star formation activity, etc.) depend on
the assumption of their IMF and element composition, it is im-
portant to apply the IGIMF theory to galaxy evolution simula-
tions. However, current publicly available galaxy evolution sim-
ulation codes assume an invariant IMF (e.g., NuPyCEE, Ritter
& Côté 2016), and it is difficult to modify the codes to allow
for a varying gwIMF. A few semi-analytical models adopted the
modern formulation of the IGIMF theory that include a star-
cluster IMF variation (e.g., Gargiulo et al. 2015; Fontanot et al.
2017, but without the metallicity dependence of the IMF, see
3 Verified predictions include: a non-trivial relation between the mass
of an embedded or a very young star cluster and the mass of the most
massive star formed in this cluster (Weidner & Kroupa 2006; Weid-
ner et al. 2010, 2013b, 2014); all the apparent isolated massive stars
being back-traceable to a parent star cluster (Gvaramadze et al. 2012;
Stephens et al. 2017); integrating the observed star cluster IMFs re-
sults in the observed gwIMF (Weidner et al. 2013c; Yan et al. 2017;
Jerˇábková et al. 2018); a deficit of the Hα/UV signal from dwarf galax-
ies (Meurer et al. 2009; Pflamm-Altenburg et al. 2009; Lee et al. 2009).
Section 5.2 below)4, however, their codes are not publicly avail-
able.
This contribution makes available a public version of a
galaxy chemical evolution code which allows for a constantly
updated gwIMF that evolves with the galaxy metal abundance.
The instantaneous gas-phase metallicity (as well as galaxy-wide
SFR) determines the gwIMF of the forming stellar population,
while the change of the gwIMF modifies the later metal enrich-
ment process. To be able to explore the effect of the variable
gwIMF on the chemical evolution of a galaxy, our code applies
a fixed SFH and varies only the gwIMF. A full-scale hydrody-
namical simulation is not necessary for this pilot study on the
effect of the IGIMF theory. The aim of the presented work is
to demonstrate the mechanism of how the IMF variation in-
fluences the galaxy chemical evolution and give the reader an
idea of what kind of impact can be caused by such a variation.
A more complicated gas-flow model without adequate observa-
tional constraints does not necessarily improve the reliability of
our results.
The paper is organized as follows. The IGIMF theory is out-
lined in Section 2. The publicly available code of our galaxy
evolution model is introduced in Section 3. The assumptions ap-
plied in the model are described in Section 4 and the systematic
uncertainties of the model are discussed in Section 5. Example
runs of the model assuming a given SFH and gwIMF formu-
lation are shown in Section 6 (and Appendix A) resulting in the
mass composition, supernova rate, and evolution of the chemical
composition. Our conclusion follows in Section 7.
2. The IGIMF theory
The fundamental insight underlying the IGIMF theory is that
the systematic variation of the gwIMF, which appears to cor-
relate with galactic SFR and metallicity, has its origin from the
variation of the IMF on a molecular-cloud core, i.e., embedded
star cluster scale. In other words, there exists a universal law of
the star-cluster-scale IMF shape which leads to the various IMF
shapes of different composite systems.
Here the core ideas and assumptions of the IGIMF theory are
outlined:
4 There are other galaxy evolution works adopting a specified star
cluster IMF variation but not following Marks et al. (2012). Such a
modification of the IGIMF formulation is plausible as long as the pro-
posed formulation is well calibrated with observation. We adopt Marks
et al. (2012) as it is comprehensively calibrated but the research on star-
cluster-scale IMF variation is not settled.
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1. Stars always form in the dense region of the pre-star-cluster
molecular cloud core with their initial masses following the
IMF, thus all the stars belong to a star cluster (whether this
star cluster survives or unbinds at a later time is a different is-
sue, see Yan et al. 2017 and references therein). This simple
assumption leads to a straightforward mathematical formu-
lation and fruitful predictions which have been proved to be
successful (see footnote 4).
2. The initial mass distribution of the stars in a star cluster
strictly follows an IMF5 where the slope of the IMF varies
with the pre-star-cluster cloud core density (which is corre-
lated with the star-cluster mass) and metallicity of the gas
cloud. This IMF formulation is adopted from Marks et al.
(2012), which is currently the only comprehensive observa-
tional study that gives an empirical IMF shape dependence
on both the star cluster mass and metallicity.
3. The stellar masses of the embedded star-clusters are dis-
tributed according to the embedded star-cluster mass func-
tion (ECMF) strictly (see footnote 6). The ECMF is es-
timated from observations to be consistent with a single
power-law function (Kroupa & Weidner 2003, and refer-
ences therein) with a power-law-index β ≈ 2 (Calura et al.
2010)6.
4. The shortest time, δt, for a galaxy to form enough star clus-
ters that fully populate (saturate) the observed ECMF is de-
fined as a star formation epoch. The length of the star forma-
tion epoch is likely to be a few Myr to several tens of Myr
(Yan et al. 2017, and reference therein). We adopt δt = 10
Myr following Weidner et al. (2004); Schulz et al. (2015)7.
This timescale is the key to relate the galaxy-wide SFR to the
total mass of stars that populate a gwIMF (see Section 4.1).
With the above axioms, it is possible to calculate the gwIMF
by integrating over the IMFs of all embedded star clusters assem-
bled in the star formation epoch, δt, in the galaxy. We note that
by basing the gwIMF calculation on the empirically-constrained
IMF variation, most of the implicit possible physical drivers
for the variation, such as the cosmic-ray flux (Papadopoulos
2010), are largely incorporated. Thus the IGIMF theory provides
a mathematical framework that could reproduces the variety of
extragalactic observations and being consistent with the local
star-cluster-scale IMF measurements in so far as tests have been
made (Pflamm-Altenburg & Kroupa 2008; Weidner et al. 2013c;
Yan et al. 2017; Jerˇábková et al. 2018).
We refer the readers to Yan et al. (2017); Jerˇábková et al.
(2018) for a more detailed description of the IGIMF theory, its
5 The "strictly" refers to the observed lack of Poisson scatter of the
stellar mass distribution as summarized in Kroupa et al. (2013). This
highly self-regulated star formation behavior implies a significant rela-
tion between the mass of stars in a star cluster and the star-cluster mass
(Kroupa & Weidner 2003; Kroupa et al. 2013; Yan et al. 2017).
6 The power-law-index, β, for the ECMF is defined in Yan et al. (2017,
their equation 9, where the Salpeter index in the same equation would
be 2.35). In addition, the power-law-index is likely to depend on the
galaxy-wide SFR with massive clusters forming more frequently in
galaxies with a higher SFR (Weidner et al. 2013c; Recchi & Kroupa
2015). However, the influence of having a variable β assumption on the
galaxy chemical evolution may not be significant since it is a second-
order effect.
7 The deduced timescale of about 10 Myr is related to the luminosity-
weighted stellar age of the observed galaxies thus its SFH. The dim
lower-mass stars are not well-represented in such estimations but they
also contribute less to the chemical evolution and the ISM returned mass
budget for having a long lifetime.
Fig. 1. The interaction between the newly developed galaxy evolution
module and the previously published IGIMF calculation module (Yan
et al. 2017) which returns the gwIMF at any given time ti, as well as the
input/output of each module. The main inputs are shown with the black
text while the default settings are shown with the gray text.
modern mathematical formulation, as well as for a comprehen-
sive demonstration of the resulting gwIMFs under different cir-
cumstances.
3. The open source code
The gwIMF predicted by the IGIMF theory can be computed by
the publicly available galimf.py code in the Python3 program-
ming language (Yan et al. 2017)8. The current contribution adds
to the same repository a galaxy evolution module, galevo.py, that
couples the galimf.py code as is shown in Fig. 1. The main in-
puts/outputs are shown in the plot while the details can be found
in the online code description.
Note that the gwIMF calculation module and the Galaxy evo-
lution module, shown as the two shadowed blocks in Fig. 1, work
independently. Thus it is possible to substitute the gwIMF model
assuming the IGIMF theory with another variable IMF theory or
adopt the IGIMF theory into another galaxy evolution model.
Both galimf.py and galevo.py are publicly available and
maintained on GitHub (https://github.com/Azeret/galIMF) with
detailed description, instruction, and example files.
4. Galaxy chemical evolution model
Recent research points to a two-phase galaxy formation stage,
with the inner regions of present-day massive ellipticals being
formed at a redshift larger than two, mostly in-situ through a
quick dissipative event. This phase leads to a rather compact relic
galaxy core (Trujillo et al. 2014), which resembles the so-called
red nuggets found at high redshifts (Buitrago et al. 2008; Ferré-
Mateu et al. 2017). This phase is followed by a significant growth
in size (Holwerda et al. 2015), and to a less extent in mass, from
ex-situ contributions, in a process that extends over cosmic time.
These findings are recently being supported by some numerical
simulations (Oser et al. 2010; Navarro-González et al. 2013).
Such a scenario can be approached by a monolithic collapse
that particularly applies to the central regions of giant ellipticals
(Renzini 2006).
In this pilot study presenting the chemical-evolution code,
we do not apply in/outflows for our default model. The influence
of baryon physics bears large uncertainties and a weak predictive
power (Naab & Ostriker 2017; Andrews et al. 2017). To simu-
late the influence of a varying gwIMF using the IGIMF theory
8 There is also an equivalent code in the FORTRAN pro-
gramming language (Zonoozi et al. 2019) available at
https://github.com/ahzonoozi/gwIMF.
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on galaxy evolution, we minimize the number of free parameters
and therefore do not involve the hydrodynamic physics. Bary-
onic behavior such as inflow, cooling, mixing, selective mixing,
galactic fountain, and galactic wind, are not considered (but see
Section 5.1 below for a discussion, notably that for our studied
cases in- and outflows do not play significant roles) and the gas
in our model is always well-mixed. All the matter is initially
presented as primordial gas and the SFH is pre-specified (see
Section 4.2 below).
A star transformation fraction ( fst) parameter is applied be-
ing the total initial mass of stars formed over the entire galaxy
formation history per unit mass of primordial gas provided. The
fst can be adjusted to give the right metallicity of a typical galaxy
and is invariant for all simulations in this paper. A higher/lower
fst leads to a higher/lower final metallicity of the simulated
galaxies. Thus a good fit on the metallicity of a single galaxy
does not give a simulation much credit but the ability to fit the
metallicity–galaxy-mass relation can constrain the choice of the
gwIMF theory.
We do not modify the metal yield table given by the stellar
evolution and explosion studies9. Different stellar yield tables
are available in the code while the applied one for this paper is
specified in Section 4.4 below.
Here the basic components of our galaxy chemical evolution
model are described:
4.1. Simulation time step
We aim to simulate a continuous star formation activity. The
shortest age difference between different stars is set to be 10
Myr, about 1% of the nominal galaxy formation timescale of the
massive elliptical galaxies. The 10 Myr is preferred as it is the
characteristic timescale of the formation of a star-cluster popula-
tion applied by the IGIMF theory (see Weidner et al. 2004; Yan
et al. 2017 and Section 2 above). Thus all stars formed within a
δt = 10 Myr time grid are assigned the same age.
Note that we do not preform a dynamical simulation and the
chemical abundance at any time is determined solely by the for-
mer stellar populations. Thus it is not necessary to do the cal-
culation at each 10 Myr during the time period without star for-
mation activity. Other than the time span that has star formation,
only a few additional time steps are inserted manually since we
want the galaxy evolution outcomes to extend to about 13 Gyr
even if the star formation quenches within the first Gyr.
At a new time step, ti, without star formation activity, the
gas-phase element abundances are calculated according to the
values at the nearest previous time step, ti−1, and all the ejections
from dying stars and type Ia supernovae (SNIa) during time ti−1
to ti. If there is star formation at time ti, the new stellar pop-
ulation is stamped with the current gas-phase metallicity as its
initial stellar metallicity. The total mass of the stellar popula-
tion is given by the galaxy-wide SFR specified for this epoch
(in the unit of M/yr) times the 10 Myr; and the gwIMF of this
star formation epoch is given by the IGIMF theory that depends
on the galaxy-wide SFR and the gas-phase metallicity at ti (see
Section 2). Thus a new stellar population is generated and the
amount of mass for every element transformed into stars is de-
ducted from the gas-phase. Such a calculation is performed for
every time step that has star formation and at additional time
steps, if specified, that do not have star formation.
9 Earlier galaxy chemical evolution studies suggest a modification of
the literature yield table in order to fit the observation but lack indepen-
dent support (Pipino & Matteucci 2004; Recchi et al. 2009).
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Fig. 2. Adopted SFHs. The galaxy evolution simulation comparing
different IMF assumptions (Section 6) adopts the boxy SFH (orange
dashed line) with a constant S FR = 103 M/yr and a ts f of 1 Gyr.
The simulation adopting the log-normal SFH (solid red line) finishes its
50%, 75%, and 90% star formation (in mass fraction) in 0.5, 0.98, and
1.8 Gyr, respectively. A comparison of the galaxy chemical evolution
results adopting these two different SFHs are shown in Appendix A.
4.2. Star Formation History
In our code, there are two different modes to determine the SFH,
either by a relation between the SFR with the instantaneous gas-
mass or using a specified SFH. The two modes require differ-
ent input parameters and this paper only demonstrates the latter
mode10.
The SFH is set up before the simulation starts where the SFR
for each time step, S FR, is specified. For example, the boxy and
log-normal distributions applied for this contribution are shown
in Fig. 2.
Previous studies assuming a boxy SFH (or applying a galac-
tic wind which assumes no star formation activity after a certain
time) and taking into consideration the age and metallicity de-
pendence on the stellar luminosity in the observations conclude
that there is no notable difference between the luminosity- and
mass-weighted metal abundance (Matteucci et al. 1998; Thomas
et al. 1999; Recchi et al. 2009). This claim may no longer be
valid under an extended SFH with recent star formation ac-
tivity. As is discussed in Section 5.5 below, the luminosity-
weighted abundances can be significantly different from the
mass-weighted results even if the SFR at late time is much
smaller than the SFR of the initial starburst in the case of our
log-normal SFH model.
An important aspect of the SFH is the time-scale over which
the burst or galaxy formation occurred (ts f , see Table 1). The
ts f is understood to be shorter for more massive elliptical galax-
ies with a ts f of about 1 Gyr for the most massive ellipticals
with the strongest indication come from their α-enhancement
(Pipino & Matteucci 2004; Pipino et al. 2009; Thomas et al.
2005, 2010). This relation is referred to as the downsizing of
the star-formation timescale. However, note that the estimation
of ts f according to the observed [Mg/Fe] value would be differ-
ent with a different IMF assumption (Matteucci 1994; Thomas
et al. 1999; Recchi et al. 2009; Martín-Navarro 2016). In this
10 With a top-heavy IMF, a new stellar population returns most of its
mass to the gas-phase shortly after its formation. In this case, the gas
mass is hardly depleted. In order to quench the star formation in the for-
mer mode, one has to introduce other considerations and assumptions,
such as the energy produced by supernovae and the binding energy of a
galaxy, which is out of the scope of the current contribution.
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first contribution, we aim to discuss only the influence of the dif-
ferent IMF assumptions on the chemical evolution of massive
elliptical galaxies and assume ts f to be 1 Gyr. An analysis of the
possible variation of ts f will be covered in our next paper.
4.3. Gas-, star-, and remnant-mass evolution
The mass of different elements in gas, living stars, and the total
stellar remnants mass are updated at each time step in our galaxy
evolution model. The mass in gas transforms into stars accord-
ing to the assumed SFH. The lifetime of a star and the mass of its
stellar remnant is taken from the stellar evolution tables of Porti-
nari et al. (1998) and Marigo (2001) as a function of stellar ini-
tial mass and metallicity11. The living stars eject gas and become
stellar remnants after exhausting their lifetime. The gas reservoir
and the stellar ejected gas are instantaneously well-mixed at the
time of ejection.
Following Ritter et al. (2018), a smoothing spline fit on the
logarithmic scale is applied to the adopted relation of the stel-
lar lifetime and remnant-mass versus stellar initial mass. As is
shown in Fig. 3, massive stars have shorter lifetimes and metal-
rich stars have smaller remnant masses. The fitted lifetime in-
stead of the original values given by the stellar evolution model
is applied in our galaxy evolution model. This treatment not
only prevents the galaxy evolution model to be sensitive to the
non-monotonic fluctuations of the stellar lifetime and remnant-
mass given by the stellar model with large uncertainties; but
also unites (and smooths the transition between) the values of
intermediate-mass stars given by Marigo (2001) and the values
of massive stars given by Portinari et al. (1998). We note that the
spline fitted remnant mass (Fig. 3, lower panel) is only used to
estimate the remnant mass (shown by the dashed "all remnants"
line in Fig. 6 below) and does not modify the amount of mass
ejection of the dying stars from their original values. The mass
difference between the stellar initial and final mass is considered
as ejected gas at the time when the star dies, while all SNIa are
assumed to increase the gas-phase mass (and decrease the rem-
nant mass) by 1.15 M as is given by Thielemann et al. (1993)12.
Stellar mass loss due to the stellar wind is accounted for when
the star dies. The current total mass of living stars (the solid lines
in Fig. 6 below) is approximated by the sum of all the stellar ini-
tial masses of the stars that are still living.
4.4. Metal enrichment
The gas-phase metallicity is set to have a primordial composition
initially following the element abundances given by Cyburt et al.
(2016)13 and then the gas phase is enriched by the ejected gas
11 Data pre-processing done by Christian, 25 Feb 2016, for the Pub-
lic NuGrid Python Chemical Evolution Environment (NuPyCEE,
https://github.com/NuGrid/NuPyCEE). The data given by the
NuPyCEE program is adopted and shown in our Fig. 3 and 4.
Note that the net yield from Marigo (2001) is converted to total yield
by NuGrid initial composition files and it has been updated. The newest
version updated on May 2018 shows no significant difference compared
with the old version we applied. We keep using the old version since it
covers larger mass and metallicity ranges.
12 The value is adopted from Gibson et al. (1997, their TNH93 dataset).
The 1.15 M comes from summing over the Fe, Si, O, S, Mg, and Ne
element ejections.
13 Since it is not allowed to have an element with zero mass in our log-
arithmic scale output, we apply an element abundance of 10−6 times the
Solar value if it should be zero according to the big bang nucleosynthe-
sis.
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Fig. 3. The lifetime (upper panel) and remnant mass, M∗, f inal (lower
panel), of a star as a function of its initial mass, M∗,initial, and metal mass
fraction, Z (or [Z] as defined in Eq. 5). The shown relations are one-
dimensional smoothing spline fits to the stellar evolution tables given
by Marigo (2001) and Portinari et al. (1998) for AGB and massive stars,
respectively. The color code is the same as in Fig. 5, and A.1.
from dying stars and SNIa events. The metal-rich gas forms stars
and elevates the average stellar metallicity.
Since the formation scenario of the SNIa event is still unset-
tled, we assume all SNIa have the same yield (as is also assumed
in other studies, e.g., De Lucia et al. 2014) given by Gibson et al.
(1997, their TNH93 dataset). That is, the SNIa yield neither de-
pends on the progenitor mass nor on the metallicity. (cf. )
The mass of the elements returned to the gas phase by a star
over its entire lifetime is accounted when it dies and the amount
of the ejection is given by the stellar yield table according to the
stellar initial mass and metallicity. There are a limited number
of stellar initial metallicity available in the yield table (adopted
from the NuPyCEE program, see footnote 12), i.e., Z=0.0127,
0.008, 0.004, and 0.0004 as is shown in Fig. 4 below. We inter-
polate the yield as a function of stellar mass for the same initial
metallicity but apply the yield with the closest initial Z without
interpolation. I.e., the yield of a star with given mass switches
according to its metallicity at Z=0.01035, 0.006, and 0.0022.
This treatment is reasonable as the applied stellar yields have
large systematic uncertainties. A more complicated interpolation
treatment would not necessarily increase the reliability of the re-
sults. However, it does make the slope of the chemical evolution
plots discontinuous at these switch values as highlighted by the
dash-dotted lines in Fig. 8.
We note the difference between the "net yield", which is the
mass of an element added or destroyed by a star from the gas
phase, and the "total yield", which is the mass of ejected ele-
ments. The total yield is always positive but the net yield can be
negative. We adopt the total yield table. The element ejection in
our code depends only on the stellar initial mass and metallicity
but not on its metal composition. Such an approximation is only
valid for the stars with Solar composition and leads to errors in
general situations. Simply applying the net yield cannot solve
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Fig. 4. The metallicity, [Z] (as defined in Eq. 5), helium mass fraction,
Y, and α-enhancement, [Mg/Fe], of the ejected gas from a dying star (or
supernova event) as a function of the stellar initial metal mass fraction,
Z, and the stellar initial mass, M∗,initial, (or the initial mass of the possible
SNIa progenitor, i.e., 3 to 8 M shown by the dashed line). The thin
dotted lines indicate the Solar value (The Solar value of Y=0.273 is
adopted from Serenelli & Basu 2010). The relation is interpolated from
the stellar total yield table given by Marigo (2001) and Portinari et al.
(1998) where a Solar value stellar initial helium abundance is assumed
for the stellar evolution model. Note the values are different from the
original paper because of the difference between the "net yield" and the
"total yield" (see text). The color code is the same as in Fig. 5, and A.1.
this problem as the difficulty lies in there being no yield table
using stellar models with extremely non-solar initial abundances
(especially for helium, see Section 6 below) that can be applied
for the massive elliptical galaxies.
The mass of the most abundant elements H, He, C, N, O, Ne,
Mg, Si, S, Ca, Fe, as well as the sum of all the elements heavier
than helium are traced separately14. For low- and intermediate-
mass stars, we apply the AGB yields given by Marigo (2001).
For massive stars, we apply the yield given by Portinari et al.
(1998). The metallicity, [Z] (defined in Eq. 5), helium mass frac-
tion, Y, and α-enhancement, [Mg/Fe], of the ejected gas from a
single dying star (or supernova event) as a function of the stellar
initial mass and metallicity are shown in Fig. 4. Massive stars
exhibit higher yields and α-enhancement while almost all stars
generate ejections with a higher helium fraction than the Sun.
The total metal ejection of dying stars, Mmetal, is calculated
with Mmetal = Mini − Mrem − Mej,H − Mej,He, with the symbols
on the right-hand side being the stellar initial mass, final rem-
14 It is possible to consider more elements or isotopes for relevant pur-
poses in future studies.
nant mass15, ejected hydrogen mass, and ejected helium mass,
respectively, instead of adding up the ejected mass of every ele-
ment (Mmetal = Mej,Li + Mej,Be + ...) since not all the elements are
computed in the simulation.
The metal evolution is traced by three metal indicators: (i)
the gas-phase metallicity, i.e., the mass fraction of metals in gas,
(ii) the stellar mass-weighted metallicity, and (iii) the approxi-
mated stellar luminosity-weighted metallicity. Element gravita-
tional settling in the star is not considered and the stellar initial
metallicity is adopted for the calculations as it has a minor effect
(see Section 5.6 below).
The calculation of stellar luminosity-weighted results are as
follows. First we consider the luminosity of a single star which
is simplified by adopting only the main-sequence luminosity and
there is no dependence on the stellar metallicity. Note that the
luminosity variation during the AGB phase may not have a sig-
nificant influence on the result since the average element abun-
dance of the AGB stars should be a representation of the entire
stellar population. Following Duric (2004, their chapter 1.3.8)
for the low-mass stars and Salaris & Cassisi (2006, their chapter
5.7) for the stars more massive than about 2 M, the empirically
determined mass-luminosity relation is approximated in our cal-
culation to be
L
L
=

0.23
(M∗,initial
M
)2.3
,
M∗,initial
M < 0.421;(M∗,initial
M
)4
, 0.421 > M∗,initialM < 1.96;
1.4
(M∗,initial
M
)3.5
, 1.96 > M∗,initialM < 55.41;
32000 M∗,initialM , 55.41 >
M∗,initial
M ,
(1)
where M∗,initial is the stellar initial mass (same as the M∗,initial in
Fig. 3 and 4). While the detailed shape of the mass-luminosity
relation is important for understanding the shape of the stellar
luminosity function (Kroupa et al. 1990, 1993, 2013), the ap-
proximation used here suffices for the present purpose. Then
the luminosity-weighted metallicity, Zlw, of all the living stars
at time tn is calculated by:
Zlw(tn) =
tn∑
t=t1
[∫ mmax(tn−t)
m=mmin
ξ(t,M∗,initial)L(M∗,initial)dm · Z(t)
]
tn∑
t=t1
[∫ mmax(tn−t)
m=mmin
ξ(t,M∗,initial)L(M∗,initial)dm
] , (2)
where ξ(t) is the gwIMF for the stellar population formed at time
t (see ξIGIMF in Yan et al. 2017 for definition), Z(t) is the metallic-
ity (or mass fraction for a given element) of the stellar population
formed at time t, mmax is the mass of the most massive star that
is still living at time tn for the stellar population formed at time
t, and mmin is the lowest possible stellar mass. The luminosity-
weighted element ratio, e.g., [Fe/H]lw is calculated by a similar
equation given in Appendix B.
4.5. Modeling the rate of type Ia supernova
SNIa are generally considered to be generated by binary sys-
tems containing degenerate stellar remnants (Maoz & Mannucci
2012). As a consequence, the SNIa rate should depend on the
spatial density of the potential progenitors of the binary stellar
system, i.e., the dynamical encounter rate in stsar cluster (Shara
& Hurley 2002). Since we do not have spacial modeling in our
simulation, we simplify the consideration with the following two
assumptions:
15 The original remnant mass given by the stellar yield table instead of
the spline fitted one.
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1. We assume that the stellar density is similar for different stel-
lar systems such that the rate of SNIa depends only on the
star formation rate and the Delay Time Distribution (DTD)
function but not on the density of the stellar system. This is
not a good (see Section 5.4 below) but commonly implied
assumption in galaxy evolution models16.
2. We assume that the SNIa progenitors and their companion
stars are born in the same star cluster. This is reasonable be-
cause, although stars and white dwarfs do leave their birth
star cluster, the chance of them to meet and form a binary
system outside their birth star cluster can be neglected. Un-
der this consideration, the SNIa rate of a stellar population
formed in a star formation epoch, δt, is not correlated with
any former or later star formation epoch.
Given the above assumptions, the standard number of SNIa
for a canonical IMF is calculated individually for each stellar
population according to its age.
The estimation of the SNIa rate that begins with a theoretical
consideration of a specific SNIa formation model, and thus the
SNIa progenitor number, suffers from the fact that the nature of
the companion star is still under discussion (but see Tucker et al.
2019). Modern galaxy evolution studies avoid this problem by
applying the DTD function that is observationally constrained
(Greggio 2005). Our contribution applies such a recently con-
strained DTD function but deals simultaneously with the vari-
able gwIMF that affects the SNIa number by re-normalizing the
result.
The DTD function of the SNIa is assumed to be a power-law
following Maoz & Mannucci (2012):
NSNIa,<t(t) =
{
0, t 6 40 Myr,
k · t−1, t > 40 Myr, (3)
where NSNIa,<t(t) is the number of exploded SNIa for a stel-
lar population with age t, and k is a normalization parameter
such that the DTD integral over 10 Gyr is 2.25 · 10−3M−1 , i.e.,
about 2 SNIa for every 1000 M of stars formed. The value
2.25 · 10−3M−1 is suggested by observation and has an error of
roughly about ±1 · 10−3M−1 (Maoz & Mannucci 2012), where
the error is not considered in our code.
Since we are dealing with a non-canonical IMF and the num-
ber of SNIa depends on the number of potential SNIa progeni-
tors, that is, stars with initial mass between about 1.5 and 8 M17,
NSNIa,<t(t) needs to be re-normalized accordingly with the new
number of potential SNIa progenitors per stellar mass formed
times the possibility of having its companion also in the correct
mass range:
NSNIa,<t,nor(t) = NSNIa,<t(t) ·
pgwIMF
pdiet−Salpeter
,
p =
n1.5,8
M0.08,150
· n1.5,8
n0.08,150
, (4)
16 This is the case not only for all the studies applying a DTD function,
e.g., Yates et al. (2013); De Lucia et al. (2014), but also those consider-
ing a specific SNIa formation model, e.g., Pipino & Matteucci (2004).
17 It is commonly assumed that the maximum stellar mass able to pro-
duce a degenerate C/O white dwarf is 8 M (Greggio & Renzini 1983).
The minimum possible binary mass ensuring that the smallest possible
white dwarf can accrete enough mass from the secondary star to reach
the Chandrasekhar mass is about 2 or 3 M. Here we assume that all
stars with a initial mass from 1.5 M to 8 M has the same change to be
part of a SNIa event. It may not be the best approximation (cf. Loewen-
stein 2006) but the chemical evolution results of massive galaxies are
not sensitive to the choice of 1.5 M limit (see footnote 19 below).
where NSNIa,<t,nor(t) is the re-normalized number of SNIa, p is the
normalization parameter depending on the assumed IMF. Thus
the number of SNIa is adjusted by the p value assuming any
given gwIMF over the p value assuming the "diet-Salpeter IMF",
as defined in Bell & de Jong 2001 (differs from the Salpeter-IMF
by having a flat slope below 0.35 M), is the assumed gwIMF
for the empirical measurements of the SNIa rate. Parameter n is
the number of stars within the mass range given by its subscript
(in the unit of M), and M is the corresponding total mass of
the stars in the given mass range. 0.08 M and 150 M are the
assumed lowest and highest possible stellar mass in our model
following Yan et al. (2017). Thus the normalization parameter p
stands for the number of stars in the right mass range of being
the primary star in the progenitor system of SNIa for a stellar
population with known total mass, times the possibility that its
companion star is also in the right mass range18. Note that the
possibility of any star being in a binary system is absent in Eq. 4
as this possibility will be canceled in the term pgwIMF/pdiet−Salpeter
according to the assumption 1 in Section 4.5. Considering the
possible variation of the stellar dynamical encounter rate, and
thus of the fraction of hard binaries, it may be possible that rela-
tively more SNIa occur at high-SFRs and thus in massive galax-
ies.
4.6. The definition of the metallicity
Through out the study we adopt an earlier Solar metal19 mass
fraction measurement of Z = 0.01886 from Anders & Grevesse
(1989) such that it is easier to compare our study with earlier
galaxy evolution simulations (see Section 5.6 below). Thus the
metallicity is defined as:
[Z] = log10(Z/0.01886), (5)
where Z is the metal mass fraction of the target.
When comparing the relative metal and hydrogen abun-
dances, this paper uses [Z/X], where X is the hydrogen mass
fraction of the target, instead of [Z/H] to highlight the definition
of this symbol, being:
[Z/X] = log10(Z/X) − log10(Z/X), (6)
where X=0.70683 is the Solar mass fraction of hydrogen
adopted from Anders & Grevesse (1989). [Z] and [Z/X] gradu-
ally deviate from each other as stellar helium abundance increase
to super-Solar values.
On the other hand, the symbols written with the name of the
element, e.g., [Fe/H] and [Mg/Fe], follow the canonical defini-
tion calculated by the atom number ratio.
18 The correct mass range of the companion star should depend on the
primary star. But since the SNIa progenitor model is still uncertain and
other uncertainties of the SNIa model are larger, a more detailed con-
sideration does not improve the accuracy of our estimation. In addition,
the average level of the SNIa rate is determined mostly by the empir-
ical parameter k in Eq. 3 while the re-normalization procedure is only
used as a secondary adjustment to compensate for the non-canonical
IMF effect instead of trying to calculate the SNIa rate directly. Thus the
re-normalized SNIa rate is not sensitive to the exact mass boundary we
chose in Eq. 4 as long as the gwIMF is not top-light. This is confirmed
when we apply a different lower boundary of 3 M. Thus it is reason-
able to apply the same mass range of 1.5 to 8 M in Eq. 4 for both the
primary and secondary star to reduce the computational cost.
19 The "metal" element includes all the elements heavier than helium.
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5. Uncertainties
The different input components that a galaxy chemical evolu-
tion simulation is most sensitive to and which are not well con-
strained are briefly reviewed to get an idea of the reliability of
our simulation. The following factors are able to significantly
affect the galaxy chemical evolution via changing, e.g., the rela-
tive influence of SNIa and type II supernovae (SNII). The input
parameters typically have an uncertainty larger than 0.2 decimal
exponent (dex) in the logarithmic scale (that is an error of about
50%). This section evaluates the influence of these uncertainties.
5.1. Gas flow and efficiency of star formation
Here we discuss whether the applied simplifications of instant
gas mixing and no gas-flows are good approximations.
Lelli et al. (2014); Concas et al. (2017); Berg et al. (2018)
find a lack of star-formation driven outflows in observed low-
mass and low-/intermediate-redshift galaxies. Outflows in more
massive elliptical galaxies would be more difficult since they
have a deeper potential well, consistent with the suggestion from
X-ray (Kim & Pellegrini 2012) and chemical evolution studies
(Ferreras & Silk 2000). In principle, with the violent star forma-
tion activity of massive galaxies, the galaxy gas can be heated
to a high temperature (O’Sullivan et al. 2001) which may escape
the galaxy and enrich the intercluster medium (ICM) (Renzini
& Andreon 2014; Mernier et al. 2017) and/or be locked up in
the hot corona around the galaxy, thereby having a significantly
long cooling time and thus not being available for further recy-
cling (Hirschmann et al. 2016). A positive correlation between
the gas velocity and the galaxy-wide SFR is indeed evident in
observations (Sugahara et al. 2017, 2019) but it is unclear if such
an outflowing gas is a galactic fountain, that can be recycled, or
galactic wind, that cannot (see Matteucci 2012 for definition).
For the inflow, since the star formation and galaxy assembly
of the massive elliptical galaxies are accomplished within a Gyr
timescale (Renzini 2006), their formation can be approximated
as an initial rapid collapse during which gas inflow from afar
would not have played a significant role.
Thus we discuss the hydrodynamic considerations employed
by other simulation studies and their possible effects:
– The primordial gas inflow regulates when and how much gas
is accreted to the galaxy and thus the SFH. An exponen-
tially decreasing gas-inflow rate is often assumed in semi-
analytical simulations to simulate the SFH of the starburst
(see for example Calura et al. 2009; Pipino & Matteucci
2011; Vincenzo et al. 2015). Our model achieves a similar
SFH by specifying it.
The amount of gas infall is usually used as a free parame-
ter to adjust the final metallicity of a galaxy20. Our model
does not have gas-flows and use the initial gas mass as a free
parameter to adjusts the final metallicity.
– The galactic fountain refers to the gas flows within the
galaxy. The general effect is to delay the gas mixing between
the SN ejecta and the ISM thus the recycling of the elements,
which appears to have a limited effect on the chemical evolu-
tion of disk galaxies (Spitoni et al. 2009). For the simulation
of high mass ellipticals that have a high SFR and supernova
explosion rate (see Fig. 7 below), gas-mixing should be more
20 Note that the infall model increase the mental production of a galaxy
and ends up with less metal-poor stars thus is a solution of the G-dwarf
problem (Pagel 2001, 2009; Matteucci 2012).
efficient and we consider the instantaneous mixing of gas is
a good approximation.
– A galactic wind can be included in our model. It would move
the enriched gas out of the galaxy thereby reducing the final
total gas mass and metallicity of the simulated galaxy.
A uniform galactic wind, where element ratios of the ejected
gas are the same as in the well-mixed gas phase, is often ap-
plied in galaxy evolution studies21. For massive ellipticals,
we test with our model that if the mass of the galactic wind
is the same as the mass of stars being formed at the time,
as suggested for dwarf irregular galaxies (Matteucci 2012),
the metal abundance of the galaxy at t = 13 Gyr would
decrease by about 0.1 dex, and the metal abundance ratios
change less than 0.05 dex. A significant influence on the
simulated chemical evolution results would require a strong
galactic wind scenario with an outflow-mass–star-formation-
mass ratio much higher than 1. According to Sugahara et al.
(2017, 2019), the estimated total mass of outflows for high-
redshift galaxies should be less than about 5 times the total
stellar mass. This amount of outflow would not affect sig-
nificantly our simulation results even if all the outflow be-
comes a galactic wind. The effect of galactic wind may not
be significant either for lower mass galaxies as suggested by
Köppen et al. (2007). Since there is no direct observational
evidence supporting the strong galactic wind scenario, we
decide to demonstrate only the simulations without a galac-
tic wind.
Other than the uniform galactic wind, the wind may con-
tain more metals (i.e., a selective outflow, Pagel 2009), as
metal elements experience larger radiation pressure (Recchi
et al. 2008); or the wind may be largely composed of the α-
element-rich supernova ejections (Lian et al. 2018) probably
under strong starburst circumstances (Yates et al. 2013). The
enriched wind taking away the metals more efficiently and
selectively is used to explain anomalous observations (Mat-
teucci 2012, their equation 2.36). A time-dependent galac-
tic wind might be necessary to explain the metal abundance
of gas and stars together as suggested by Lian et al. (2018).
These selective treatments have large uncertainties and are
not applied in our model. They will result in a lower metal-
licity and [α/Fe] if applied.
– The efficiency of star formation (the parameter ν in unit of
Gyr−1 as defined in Matteucci 1994) strongly affects the
metallicity. It depends on baryonic physics that influences
the gas recycling process such as gas expulsion, mixing, and
cooling processes. In some studies, the efficiency of star for-
mation is assumed to be a constant for galaxies with order
of magnitude differences in mass or SFR. In others, espe-
cially those trying to reproduce the downsizing of the star-
formation timescale, the efficiency of star formation is as-
sumed to be higher in more massive galaxies (Matteucci
1994; Calura et al. 2009). The uncertainty of the efficiency
of star formation is about 0.2 dex and leads to an uncertainty
in the chemical evolution simulation results larger than 0.2
dex. Since we aim to apply a fixed SFH and vary only the
IMF assumption, our model does not involve the parameter
ν. Instead, we use the parameter fst (Table 1) to specify how
much stars are formed relative to the initial gas mass.
21 Note that the lockup of gas by low-mass stars has the same effect as a
uniform galactic wind. The mass fraction in brown dwarfs and planets is
smaller than about 4% (Kroupa et al. 2013) thus has a negligible effect
and will not be considered.
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We emphasize that the necessity of the gas-flow model de-
pends on the galaxy type and assumptions about the IMF. Gas
flows were initially introduced to explain the metal distribution
of the stars in the Solar neighborhood and the Galactic disk, e.g.,
the G-dwarf problem of the Milky Way. For an elliptical galaxy
with a variable gwIMF, we need to re-evaluate the situation.
Only when the simpler mode without gas-flows fails should we
introduce more free parameters to describe the gas-flow (similar
to what Martinelli & Matteucci 2000 explore for disk galaxies).
As stressed in Pagel (2009, their section 11.2.1), a constraint
on any modeling parameter requires an independent observable.
This is difficult when we consider distant elliptical galaxies that
cannot be resolved into single stars and are likely to have a non-
canonical TIgwIMF22. Without proper constrains, the gas in- and
out-flow models are not reliable and only complicate the analy-
sis.
Essentially, the formation of elliptical galaxies occurs on a
much shorter time-scale than the disk galaxies that apart from
the initial infall the majority of star-formation is finished be-
fore additional gas accretion or galaxy wind can play a role (cf.
Thomas et al. 1999 their "fast clumpy collapse model"). Models
without gas-flow are thus likely good and in particular compu-
tationally efficient approximations to describe the formation and
evolution of elliptical galaxies (especially for the central region
where most of the star formation and metal enrichment happens,
cf. Afruni et al. 2019).
5.2. Initial gas metallicity
Most massive elliptical galaxies are considered to be formed at
the earliest time (Renzini 2006; Thomas et al. 2010; Estrada-
Carpenter et al. 2019) when the gas is not pre-enriched. The
effect of pre-enrichment, if it occurred, is to eliminate the very
metal-poor stars and may raise the final metallicity of the galaxy.
In our simulation, the metallicity dependence of the gwIMF
leads to a feedback effect since a low-metallicity environment re-
sults in a more top-heavy gwIMF (Yan et al. 2017, their Fig. B.1)
leading to a higher IMF-weighted metal yield (Recchi & Kroupa
2015). This effect makes the final metallicity of the galaxy not
sensitive to its initial value.
The initial gas metallicity, as well as the metal-dependence
of the IGIMF formulation, mainly affects the property of the
very first generations of stars polluted by massive star ejections,
which is out of the scope of the current study. Later stages of the
chemical evolution depend far more on the details of the SFH
and IMF slope than on the initial metallicity.
5.3. Type II supernovae
The stellar evolution models give different SNII yields. Thomas
et al. (1998); Karlsson & Gustafsson (2005); Philcox et al.
(2018) shows that the IMF averaged [Mg/Fe] yield between two
table may differ as much as 0.3 dex. This uncertainty is inherited
by the final metallicity of the galaxy and modifies the element
abundance ratios (Thomas et al. 1998; Andrews et al. 2017, their
section 4.2). Consider the rotation of pre-supernova star in the
stellar evolution model gives even larger yield uncertainties, es-
pecially for isotopes (Hirschi et al. 2005; Choplin et al. 2018).
22 Additional spectral line features do not give independent constraints
since they involve (i) multiple element abundances and (ii) the surface
temperature of stars with different masses (thus the TIgwIMF), both
being uncertain if the IMF is variable.
In addition, not all the high mass stars will end up as a SNII.
Direct black hole formation without supernova (Smartt 2015)
and different types of core-collapse supernovae due to initial
mass, metallicity, and angular momentum differences of the su-
pernova progenitors (Heger et al. 2003; Sukhbold et al. 2016),
kilonovae (supposedly two neutron stars or a neutron star and
a black hole merger events), as well as other cosmic selection
effects that may modify the SNII rate (Horiuchi et al. 2011) or
favour contributions from supernovae in a certain mass range or
favour the recycling of certain elements (Karlsson & Gustafs-
son 2005) are currently not considered by most galaxy evolution
simulations.
Due to these concerns, the yield of a stellar population is
uncertain even with a known IMF.
5.4. Type Ia supernovae
The SNIa yields also show large uncertainties. For example, the
ejecta from a single SNIa event have a [O/Mg] ranging in differ-
ent references from about -0.43 in Nomoto et al. (1984); Seiten-
zahl et al. (2013) and about -0.25 in Thielemann et al. (1986,
2003) to about 0.05 in Gibson et al. (1997, this is our applied
SNIa yield); Iwamoto et al. (1999). Thus applying a different
SNIa yield table and consider different α element certainly affect
the resulting [α/Fe]. Note that dying stars give a [O/Mg] yield
ranging from about 0 dex to as high as 1.6 dex depending on
the stellar initial mass and metallicity, which leads to an oxygen
overproduction relative to magnesium in galaxy evolution simu-
lation relative to observations. Choosing a higher SNIa Mg yield
could in principle be helpful (cf. François et al. 2004; Pipino &
Matteucci 2011) but such discussion is out of the scope of the
current publication. The ejected iron mass shows more consis-
tency between different references, typically being 0.663±0.066
M per SNIa event. The applied Fe yield in the current simula-
tions is 0.744 M per SNIa event (Gibson et al. 1997).
A different shape of the SNIa DTD can have a significant
effect on the abundance ratio between the α elements and iron
peak elements of a galaxy. A single power law, a broken power
law, and a bivariate DTD have been proposed (Mannucci et al.
2006; Matteucci et al. 2009; Maoz et al. 2010; Yates et al. 2013).
The estimated power-index, assuming a single power-law shape,
ranges from 0.9 to 1.3. The time delay between the formation
of a single age stellar population and the peak of its SNIa rate
(the 40 Myr in Eq. 3) is also uncertain by several dozens of Myr.
However, it does not have a notable affect on the SNIa history
of a galaxy where SNIa rate peaks at a Gyr timescale since the
SNIa explosion history is a convolution of Eq. 3 with the Gyr
timescale SFH. Thus the uncertainty of the 40 Myr applied in
Eq. 3 can be ignored for the present purpose.
The largest uncertainty introduced by Eq. 3 to the galaxy
chemical evolution is from the normalization parameter, k =
2.25 · 10−3M−1 . The empirical measurements of the parameter
k have not only a large scatter of about ±1 SNIa per 1000 M,
but also tensions between different measures. Studies of the iron
abundance in the ICM have shown that the parameter k should
be higher than 3.4 (Maoz et al. 2010)23, being inconsistent with
other direct measurement methods. This suggests a systematic
error possibly relating to the intrinsic variation due to environ-
mental differences.
23 Maoz et al. (2010) assumes a diet Salpeter IMF. The conclusion for
other Milky-Way-like IMFs will be similar. The conclusion for a top-
heavy IMF would require an even larger normalization parameter as the
relative number of SNIa precursors is reduced in a top-heavy IMF.
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5.5. Recent star formation activity
Later star formation after the primary star burst is likely (Chauke
et al. 2018; Morishita et al. 2018). A SFH with a long tail of
low-SFR after the starburst, or a later second smaller starburst
that contributes a decent portion (10%, e.g., Tojeiro et al. 2013)
of stars formed from metal-enriched gas may not influence the
stellar mass-weighted metallicity but can alter the luminosity–
weighted metallicity significantly as is show in Appendix A. The
luminosity-weighted metal abundances are closer to the metal
abundance of the gas-phase that is higher than the stellar mass-
weighted metallicity. The different SFH of galaxies and espe-
cially the difference in recent star formation activity will intro-
duce an intrinsic scatter on the interpreted galaxy properties.
5.6. The adopted value for the Solar metallicity
The Solar metal mass fraction, Z, i.e., the mass fraction of the
elements heavier than helium, have been declining continuously
over the past decades, from 1.89% in Anders & Grevesse (1989)
to about 1.34% in Asplund et al. (2009). Thus the application of a
different Solar metallicity can lead to a 0.15 dex difference in the
resulting [Z]. However, many observational papers do not explic-
itly define the Solar metallicity they applied. Following Woosley
& Weaver (1995), this paper adopts the earlier Solar metallicity
measurement of Z = 0.01886 from Anders & Grevesse (1989)
as mentioned in Section 4.6. We avoid the involvement of the So-
lar metallicity when adopting the stellar evolution yield table by
applying Z instead of [Z]. Finally, the present-day photosphere
metallicity of the Sun is similar to its bulk or protosolar metallic-
ity with a difference in log10(Z) smaller than 0.03 dex according
to Asplund et al. (2009). Thus we do not distinguish the two as
other parameters introduce far larger uncertainties.
6. Simulation results
In this section, the effect of applying different IMF assumptions
is shown. Two simulations with the exact-same set up (e.g., SFH
and initial gas mass) except for the assumption on the gwIMF are
carried out, one assuming the gwIMF is the invariant canonical
two-part power-law IMF (Kroupa 2001), the other assuming the
gwIMF is metallicity and SFR dependent according to the latest
IGIMF theory formulation (Jerˇábková et al. 2018, their IGIMF3
model). The fst is set to be 100%, i.e., the sum of the initial
stellar masses of all the stars ever formed throughout the galaxy
formation history is the same as the initial gas mass24. The boxy
SFH in Fig. 2 is assumed, where the SFR is fixed at 1000 M/yr
and lasts for ts f = 1 Gyr. We simulate the chemical evolution of
a galaxy for 13 Gyr (the nominal age of the Universe) and result
in the stellar-mass-weighted, in the gas-mass-weighted, as well
as a stellar-luminosity-weighted (approximated, see Section 4.4)
element abundance evolution, the evolution of total gas, living
star, and stellar remnant mass, the evolution of the TIgwIMF,
and the evolution of SN rates.
In addition, we compare the galaxy evolution assuming dif-
ferent SFHs (the boxy and log-normal SFH shown in Fig. 2)
under the IGIMF theory. The results are shown in Appendix A.
24 The highest possible fst value for a stellar population with the canon-
ical gwIMF is roughly 150% since the stellar population returns about
1/3 of its mass to the gas-phase after 100 Myr (this fraction increase to
about 1/2 after 10 Gyr).
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Fig. 5. The evolution of the TIgwIMF for a galaxy with the boxy SFH
shown in Fig. 2, where ξ is the total number of stars within a unit mass
range. The assumed lowest and highest possible stellar mass is 0.08 M
and 150 M, respectively, following Yan et al. (2017). The solid lines
represent the TIgwIMF after 10, 20, ..., and 1000 Myr since the begin-
ning of the star formation (from lowest to top most line, respectively).
The color of the lines indicates the metallicity, [Z] (as defined in Eq. 5),
in gas at the time. The color code is the same as in Fig. 3 and 4 where the
white dots in the colorbar indicate the available initial metallicity values
of the stellar yield table (see Section 4.4) and the white line in the color-
bar indicates the initial metallicity of the last stellar population, i.e., the
most metal-rich population. The dashed line is the canonical IMF given
by Kroupa (2001), normalized to have the same ξ as the final TIgwIMF
at M∗ = 1.
6.1. The evolution of the TIgwIMF
Under the IGIMF theory framework, the TIgwIMF changes
gradually from top-heavy bottom-light to top-heavy bottom-
heavy25 as is shown in Fig. 5, in conformity with the pioneering
variable-IMF suggestion for producing the old and metal rich
stellar population of ellipticals (Vazdekis et al. 1996, their sec-
tion 4.2.1).
Note that the TIgwIMF as shown in Fig. 5 combines all
gwIMFs over the formation history of the galaxy, i.e., it com-
prises all stars ever formed. The here shown TIgwIMF does not
resemble the gwIMF of the Milky Way that has a different SFH.
The IMF is top-heavy due to the high SFR in the assumed
starburst SFH. Consistent with Bekki (2013), there is a lack of
low-mass stars at early times when the environment is metal-
poor; while the low-mass end evolves to a bottom-heavy form
as the metallicity increases. The time-dependent TIgwIMF vari-
ation at the low-mass end may be relevant for the bottom-
heavy TIgwIMF determined by some observations (see the gen-
erated bottom-heavy gwIMF and a more in-depth discussion in
Jerˇábková et al. 2018).
Note that the massive stars have a short lifetime and would
not be observable in the present day. The observations on the still
living low-mass stars do not give information about the high-
mass IMF slope except for their observed metallicity which can
25 Note that the gwIMF can become top-light at a late time if the SFR
drops to a lower value but the TIgwIMF stays top-heavy.
Article number, page 10 of 16
Zhiqiang Yan et al.: Chemical evolution of elliptical galaxies with a variable IMF
7.0 7.5 8.0 8.5 9.0 9.5 10.0
log10(time [yr])
8
9
10
11
12
lo
g 1
0(
M
as
s 
[M
])
living stars
all remnants
all gas
ejected gas
Canonical IMF
IGIMF
Fig. 6. The mass evolution of gas, living stars, and stellar remnants as
a function of time for the boxy SFH shown in Fig. 2. The orange and
blue lines are, respectively, the results obtained assuming the gwIMF is
given by the IGIMF theory and the invariant canonical IMF. The same
color code is applied from Fig. 6 to 11. The "all gas"includes gas outside
the galaxy that is constrained by the galactic potential (see Section 5.1
above). Different from Fig. 5, here the simulated values at 10, 19, 20,
29... Myr are demonstrated, where star formation happens at 10, 20...
Myr (see Section 4.1). The death of stars with a lifetime shorter than
the star formation time step (10 Myr) causes the serrated shape of the
lines.
be compared with the prediction given by the galaxy chemical
evolution simulation assuming a certain IMF theory.
6.2. The gas, living star, and stellar remnant mass evolution
The difference in the mass evolution of gas, living stars, and stel-
lar remnants as a function of time assuming the IGIMF theory
and invariant canonical IMF are shown in Fig. 6.
Note that the total gas shown includes the circumgalactic
medium that is trapped in the galactic potential. As our model
assumes no galactic wind, all the gas is considered as trapped
gas. The total gas mass is reduced less significantly in the IGIMF
theory as the massive stars return most of their mass to the gas-
phase quickly after their formation (Loewenstein 2006, their fig-
ure 1). We consider that the star formation is not truncated due to
a lack of gas but the fact that gas is heated to a high temperature,
i.e., the apparent high gas mass in our simulation is the mass of
a hot gas halo with a significantly long cooling time precluding
it from forming new stars (cf. Hirschmann et al. 2016).
The stellar remnant mass is comparable to the mass of living
stars in the IGIMF theory framework, while the canonical result
is that the remnant mass is much smaller than the stellar mass.
Thus the dynamical mass-to-light ratio of the studied massive el-
liptical galaxy would increase by about a factor of two under the
IGIMF theory in comparison with applying the canonical IMF,
in line with the IMF mismatch parameter of about 2 for massive
ellipticals in most26 of the cases as evident in Li et al. (2017);
Oldham & Auger (2018).
26 Galaxies with a lower or normal dynamical mass-to-light ratio (i.e.
with a IMF mismatch parameter close to one) can be the result of a
different SFH and/or from mergers of less-massive E galaxies.
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Fig. 7. The number of SNIa and SNII per century as a function of time
for the boxy SFH shown in Fig. 2. As in Fig. 6, the orange lines are
the results applying the IGIMF theory while the blue lines are applying
the invariant canonical IMF. The thick lines below and the thin lines
above are the rates for SNIa and SNII, respectively. The serrated shape
is caused by the simplification that all the stars formed in a 10 Myr star
formation epoch have an identical age.
6.3. The number of supernovae
The time evolution of the number of SNIa and SNII adopting
different IMF assumptions is plotted in Fig. 7.
The high SNII rate is a direct result of the assumed SFH.
With the commonly assumed relation that more massive galaxies
have a shorter ts f (see Section 4.2 above), the starburst has to be
extremely violent. Thus the galaxy produces a large number of
SNII at early times with about 0.5 and 1 SNII event per day under
the assumption of the invariant canonical IMF and the IGIMF
theory, respectively (for a similar discussion in the context of the
formation of ultra-compact dwarf galaxies see Jerˇábková et al.
2017). This seems to be consistent with the stronger emission
lines observed for higher redshift galaxies (Labbé et al. 2013;
Stark et al. 2015).
On the other hand, the number of SNIa per stellar mass
formed is reduced for the simulated high-SFR galaxy as the vari-
ation of the gwIMF changes the pgwIMF in Eq. 4. As is shown
in Fig. 7, the resulting SNIa rate applying the IGIMF theory is
about one third of the simulation applying the canonical IMF (cf.
Loewenstein & Davis 2010). Since SNIa produce more than half
of the iron in galaxies, this suggests that the iron as a tracer may
underestimate the metallicity (see Section 6.4.3 below).
6.4. Element abundances
The mass-/luminosity-averaged [Z/X], Y, [Fe/H], and [Mg/Fe]
evolution for stars and gas comparing different IMF assumptions
are shown in Fig. 8 to Fig. 11.
Note that our gas-phase element abundances are mass aver-
aged which may differ from the emission-weighted observations
that depend on the local gas temperature and density. Note also
that the observed stellar luminosity-weighted metallicity should
be lower than our estimate which adopts the luminosity without
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Fig. 8. The evolution of gas and mass averaged stellar [Z/X] for the
boxy SFH shown in Fig. 2, where [Z/X] is defined in Section 5.6. Sim-
ulations applying the IGIMF theory and fixed canonical IMF are shown
as the orange and the blue lines, respectively. The solid, dashed, and dot-
ted lines represent the value calculated for gas phase, mass average, and
luminosity average (approximation, see text), respectively. The horizon-
tal dash-dotted lines mark the boundaries where the stellar yield table is
changed (at [Z/X]≈[Z]=-0.26, -0.497, -0.933, see Section 4.4 for expla-
nation), which causes a change on the speed of enrichment (but with a
10 Myr delay). The serrated shape is caused by our simplification that
all the stars formed in a 10 Myr star formation epoch have an identical
age.
the metallicity dependence (see Section 4.4 above) since metal-
poor stars are more luminous.
The behavior of the evolution for different elements shown
in the following sections are similar. The stellar luminosity-
weighted results are close to the gas-phase results during the star
formation and quickly recover to the stellar mass-weighted re-
sults as the luminous massive stars die out on a hundred Myr or
Gyr timescale.
6.4.1. Metallicity
Fig. 8 shows that the metal enrichment happens at an earlier
time under the IGIMF theory relative to the invariant canoni-
cal IMF. It follows that the IGIMF theory results in earlier metal
enrichment and higher final metallicity. The metal abundances
of galaxies during the first few hundred Myr are difficult to con-
strain but the next generation James Webb Space Telescope may
allow such observation of the high-redshift universe.
Note that the stars only form at 10 Myr time steps. The tem-
porary decrease of the mass- and luminosity-weighted stellar
metallicity during the 10 Myr epoch is caused by the death of
the most recently formed metal-rich massive stars.
6.4.2. Helium abundance
Fig. 9 shows the enrichment of helium under different IMF as-
sumptions and the helium-enrich is more prominent under the
IGIMF theory. This is a natural outcome of the high helium yield
of the massive stars according to the adopted stellar yield table
as is shown in Fig. 4.
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Fig. 9. Same as Fig. 8 but for helium mass fraction, Y. The Solar value
of 0.273 is adopted from Serenelli & Basu (2010).
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Fig. 10. Same as Fig. 8 but for [Fe/H].
It is important to self-consistently consider the helium abun-
dance in galaxy chemical evolution models, i.e., when the galac-
tic Y/Z changes, the adopted stellar yield should also come from
a stellar evolution simulation with that initial Y/Z, because the
abundance of carbon, nitrogen, and oxygen is highly influenced
by the hydrogen burning process.
6.4.3. Iron abundance
The iron evolution is shown in Fig. 10. We highlight three fea-
tures of the result obtained using the IGIMF theory due to a
larger fraction of iron produced by SNII relative to SNIa.
– The resulting [Fe/H] is lower than the [Z/X] (compare to the
IGIMF line in Fig. 8), consistent with the α-enhanced char-
acteristic of massive elliptical galaxies (see Section 6.4.4 be-
low).
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Fig. 11. Same as Fig. 8 but for [Mg/Fe]. The discontinuous change of
slope of the curves, e.g., the blue curves near 108.4 yr, is explained in
Fig. 8 with the horizontal "Yield Switch" lines.
– The iron production is faster at earlier times thanks to the en-
hanced number of SNII but slower at later times (see Fig. 7
above). The earlier production of iron is in line with the sug-
gestion from the abundance profiles of the ICM (Mernier
et al. 2017).
– The iron abundance difference at 13 Gyr between the gas
phase and stellar phase is smaller compared to the models
resting on the canonical IMF assumption, alleviating the dif-
ficulty in explaining the observed equality of stellar and gas-
phase iron abundance (see Pipino & Matteucci 2011).
6.4.4. Alpha element enhancement
Fig. 11 shows that IGIMF-applied galaxy evolution results in a
higher [Mg/Fe], in line with the results obtained by Recchi et al.
(2009).
Note that Recchi et al. (2009) applied an early version of the
IGIMF theory where the IMF variation of individual star clus-
ters was not applied. The modern IGIMF prescription used here
with a possible top-heavy gwIMF further increases the resulting
[Mg/Fe] value.
7. Conclusions
This contribution publishes an open source galaxy evolution
code that is able to vary the gwIMF according to the IGIMF the-
ory (or any other variable IMF theory) at each time step, yield-
ing the mass composition, supernova rate, and chemical com-
position evolution of the galaxy. Following Yan et al. (2017) and
Jerˇábková et al. (2018), where the gwIMF for a single star forma-
tion epoch is derived according to the IGIMF theory, the newly
developed code published here enables us to, for the first time,
perform a comprehensive and detailed examination of the effect
of applying a different IMF theory in the context of galaxy chem-
ical evolution assuming an identical SFH.
Our preliminary result of a high-mass starburst galaxy as-
suming different IMFs and the same SFH is shown in Section 6;
while the result assuming the same gwIMF (the IGIMF theory)
but different SFHs is shown in Appendix A. A systematically
varying gwIMF leads to a strong modification of the element
composition of a galaxy (naturally reproducing the observed
higher metallicity and α-enhancement of the massive elliptical
galaxies); while the difference in SFH and recent star formation
activity influences the interpreted property of a galaxy due to a
difference in the luminosity-weighted observation.
The star formation environment of massive ellipticals in the
early Universe is very different from the local Universe where we
calibrate the IGIMF theory. There is no guarantee that such an
extrapolation of the theory would work but it is certainly an in-
spiring step. We will use this open source code for more compre-
hensive and detailed studies for galaxies with different masses
and SFHs and also develop a spatially resolved IGIMF formula-
tion.
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Appendix A: Results for a log-normal SFH
This section compares the simulation results applying the IGIMF
theory but with the two different SFHs shown in Fig. 2. The
log-normal SFH forms the same stellar mass but in a more ex-
tended timescale. The tail of the SFH with a low SFR leads to
a stellar population being contributed every δt = 10 Myr with
a top-light gwIMF which does not exist in the box-shaped SFH
model used in the main text. Thus a more realistic and extended
SFH naturally leads to a time-varying gwIMF suggested quali-
tatively already by Vazdekis et al. (1996, 1997); Weidner et al.
(2013a); Ferreras et al. (2015); Lacey et al. (2016), with a top-
heavy gwIMF in the beginning and a bottom-heavy (and top-
light) gwIMF at later times.
Fig. A.1 shows the resulting TIgwIMF for the log-normal
SFH. The variation of the low-mass part of the TIgwIMF is
smoother than the boxy SFH case (Fig. 5) because the metal en-
richment is relatively slower as is shown in Fig. A.4.
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Fig. A.1. Same as Fig. 5 but for the log-normal SFH shown in Fig. 2
that extends for 13 Gyr.
Fig. A.2 to A.7 apply the same color coding of Fig. 2. The
orange lines here labeled with "boxy SFH" are the same as
the orange lines in Fig. 6 to 11 labeled with "IGIMF". The
luminosity-weighted stellar element abundance becomes closer
to the gas-phase value as the log-normal SFH has a more recent
star formation activity. The luminosity-weighted result depends
on the SFH and fluctuates for different galaxies that have differ-
ent SFHs.
Appendix B: Luminosity-weighted element ratio
The luminosity-weighted element ratio, e.g., [Fe/H]lw is not
weight with the [Fe/H] of each star but with the element mass,
Mi,mw, of the stars, where i is Fe or H and
Mi,mw(tn) =
tn∑
t=t1
[∫ mmax(tn−t)
m=mmin
ξ(t,M∗,initial)L(M∗,initial)dm · Mi(t)
]
tn∑
t=t1
[∫ mmax(tn−t)
m=mmin
ξ(t,M∗,initial)L(M∗,initial)dm
] ,
(B.1)
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Fig. A.2. Same as Fig. 6 but comparing different SFHs instead of differ-
ent IMF assumptions. The orange lines apply the boxy SFH and the red
lines apply the log-normal SFH, both shown in Fig. 2. The same color
code is applied from Fig. A.2 to A.7. The serrated shape is caused by
the dying stars with a lifetime shorter than 10 Myr (see Section 6.2).
Note that the orange lines are the same as the orange lines in Fig. 6.
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Fig. A.3. Same as Fig. A.2 and Fig. 7. The orange lines are the same as
the orange lines in Fig. 7.
then calculate the abundance ratio with
[Fe/H]mw(tn) =log10[(MFe,mw(tn)/WFe)/(MH,mw(tn)/WH)]
− log10(AFe/AH), (B.2)
where Ai = log10(Ni/NH) + 12 is the solar photospheric abun-
dance of element i adopted from Anders & Grevesse (1989, their
Table 2).
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Fig. A.4. Same as Fig. A.2 and Fig. 8. The orange lines are the same as
the orange lines in Fig. 8.
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Fig. A.5. Same as Fig. A.2 and Fig. 9. The orange lines are the same as
the orange lines in Fig. 9.
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Fig. A.6. Same as Fig. A.2 and Fig. 10. The orange lines are the same
as the orange lines in Fig. 10.
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Fig. A.7. Same as Fig. A.2 and Fig. 11. The orange lines are the same
as the orange lines in Fig. 11.
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